Schwinger-Dyson equations (SDEs) are an ideal framework to study nonperturbative phenomena such as dynamical chiral symmetry breaking (DCSB). Loss of gauge invariance is an obstacle to achieve fully reliable predictions from these equations. In addition to Ward-Green-Takahashi identity (WGTI), Landau-Khalatnikov-Fradkin transformations (LKFT) also play an important role in restoring the said invariance at the level of physical observables. On one hand, they impose useful constraints on the transverse part of the fermion-boson vertex and on the other, they govern the change in dynamically generated fermion propagator with a variation of gauge. We consider the latter in this article and study the gauge (in)dependence of chiral condensate in quantum electrodynamics in (2+1) space-time dimensions (QED3). Gauge theories of fundamental interactions have been highly successful in collating experimental results in perturbative regime. However, not all interesting phenomena can be understood in this approximation scheme. Confinement of quarks and gluons and hadronic structures are two examples. There are also proposals to go beyond the standard model of particle physics which invoke strong dynamics such as technicolor models, top mode standard model and its modern variants, including those with extra dimensions. In view of these interesting possibilities, it becomes all the more important that corresponding studies of Schwinger-Dyson equations (SDEs) be independent of the ambiguities stemming from the approximations employed.
Gauge theories of fundamental interactions have been highly successful in collating experimental results in perturbative regime. However, not all interesting phenomena can be understood in this approximation scheme. Confinement of quarks and gluons and hadronic structures are two examples. There are also proposals to go beyond the standard model of particle physics which invoke strong dynamics such as technicolor models, top mode standard model and its modern variants, including those with extra dimensions. In view of these interesting possibilities, it becomes all the more important that corresponding studies of Schwinger-Dyson equations (SDEs) be independent of the ambiguities stemming from the approximations employed.
SDEs for QCD are cumbersome to solve due to its non-Abelian nature. QED provides a simpler and popular platform to study the merits of various truncation schemes in a quantitative fashion. However, it has ultraviolet divergences. Most of the numerical investigations of SDEs employ the more convenient cut-off regularization method. Owing to the fact that it can potentially introduce spurious gauge dependence, planar quantum electrodynamics (QED3), which is super renormalizable, can serve as a neater testing ground of the validity of the approximations made.
1 QED3 is an attractive physical the-ory in its own right in the field of high T c superconductivity, [2, 3] , the recently studied unconventional Quantum Hall Effect in Graphene [4] , and in the realm of dynamical generation of fundamental fermion masses, where numerical findings on the lattice and the results obtained by employing SDEs have yet to arrive at a final consensus and continue to provide a popular battle ground [5] .
In the absence of computational ambiguities, the problem of gauge invariance can be traced back to not employing, or doing so incorrectly, the gauge identities such as Ward-Green-Takahashi identities (WGTI) [6] , the Nielsen identities [7] and the LandauKhalatnikov-Fradkin transformations (LKFT) [8] . This contribution is based on the work [9] , where we address this issue in the light of the LKFT. The LKFT of Green functions describe the specific manner in which these functions transform under a variation of gauge. These transformations are nonperturbative in nature, and they are better described in coordinate space. Momentum space calculations are however more tedious, because of the complications induced by Fourier transforming. These difficulties are reflected in references [10, 11, 12] where a nonperturbative fermion propagator is obtained starting from a perturbative one in the Landau gauge in quenched QED in various dimensions. As LKFT are nonperturbative, we expect them not only to be satisfied at every order in perturbation theory but also in phenomena which are realized only nonperturbatively, such as dynamical chiral symmetry breaking (DCSB). Initial steps were taken in [13] to apply these transformations directly to the dynamically generated mass function. As a continuation of this effort, we carry out an exact numerical exercise to study the gauge dependence of the chiral condensate in the light of the LKFT.
The traditional way to study gauge dependence of the fermion propagator is to make an ansatz for the fermion-boson vertex and then solve the corresponding SDE in different covariant gauges. In practice, one needs to proceed in small steps in varying the gauge parameter away from the Landau gauge and it is prohibitively difficult to be able to compute the result for an arbitrarily large value of this parameter, particularly if a sophisticated form of the 3-point interaction is taken into account [14, 15] . Moreover, this line of attack does not guarantee that the LKFT for the dynamically generated fermion propagator will be satisfied gauge by gauge. We suggest an alternative approach to achieve the same objective. What we have to do is to start from the solution for the fermion propagator in the Landau gauge and simply perform a LKFT to find the result in any other gauge. As LKFT preserve WGTI, the advantage of our proposal is to conserve both the WGTI and LKFT as we move from one value of the gauge parameter to another. We draw the chiral condensate as a function of gauge both for the quenched and the unquenched case and find the results to be practically gauge independent.
This work is organized as follows: We start by introducing the notation and conventions we shall be using to study the gauge covariance of the fermion propagator. Then we review the traditional approach to study DCSB in the context of SDEs and present some truncation schemes widely implemented. Next we make a comparison of the results obtained by solving the SDE gauge by gauge against those arrived at by emplying LKFT of the solution in the Landau gauge. Finally we present discussion and conclusions.
GAUGE COVARIANCE OF THE FERMION PROPAGATOR
We start by putting forward the definitions and notations we shall use to study the LKFT of the fermion propagator. We write out the Euclidean space fermion propagator in momentum and coordinate spaces, respectively, in their most general forms as :
F is often referred to as the fermion wavefunction renormalization and M as the mass function. Expressions in Eq. (1) are related through a Fourier transformation. The LKFT relating the coordinate space fermion propagator in the Landau gauge to the one in an arbitrary covariant gauge reads
where a = αξ /2 with α = e 2 /(4π), e 2 being the dimensionful electromagnetic coupling of QED3 and ξ the covariant gauge parameter. The line of action for applying the LKFT is as follows: Start with a a dynamically generated solution of the SDE for the fermion propagator in the Landau gauge and Fourier transform it to coordinate space. Apply the LKFT transformation law and Fourier transform this result back to the momentum space to obtain the fermion propagator in an arbitrary covariant gauge. Fortunately in QED3, the related integrals involved are sufficiently simple to carry out exact numerical calculations. We straightforwardly find [9] F(p; ξ )
where λ ± = a 2 + (k ± p) 2 . Thus the knowledge of S(p; 0) is the input required to obtain the same in an arbitrary covariant gauge.
DYNAMICAL CHIRAL SYMMETRY BREAKING
We know that perturbation theory in QED does not generate fermion masses dynamically. Nonperturbative methods have to be employed to look for such solutions for the fermion propagator and SDEs are a natural tool for calculation in continuum. SDE for the fermion propagator can be written as follows for QED3 :
where q = k − p and the photon propagator is
G being the photon wavefunction renormalization and Γ µ (k, p) the full 3-point vertex.
The photon propagator and the fermion-boson vertex each have their own SDE, which in turn are coupled to the rest of the infinite tower containing higher point Green functions. A practical choice to truncate the infinite tower of these equations is to make an ansatz for Γ µ (k, p) with the essential ingredients to ensure the correct gauge covariance of the fermion propagator. One requirement is that the choice of vertex satisfies the WGTI
which allows a decomposition of the vertex into its longitudinal and transverse parts : , p) is the so called Ball-Chiu vertex (BC-vertex) [16] . An ansatz is generally made for the transverse part of the vertex guided by the requirements that (i) under the operations C, P and T, it should transform in the same way as the bare vertex, (ii) it should have not kinematic singularities, (iii) it should reduce to the perturbative Feynman expansion for the vertex when the coupling is small, (iv) it should lead to a fermion propagator with a correct LKFT property and (v) it itself should obey its LKFT law (see Ref. [17] for a comprehensive study of these requirements).
Instead of adopting the hit and trial method, we can choose another path. We can start from the solution of the SDE in one gauge ensuring that the WGTI is satisfied in that gauge. We can then LKFT the result to other gauges and the WGTI will continue to be satisfied. The hope is then to obtain gauge independence of physical observables. We shall be interested in the chiral condensate ψψ = −TrS(x = 0; ξ ) which acquires a nonzero value when chiral symmetry is dynamically broken.
TRUNCATION SCHEMES
We now present some truncation schemes of the SDE for the fermion propagator. We consider quenched (G = 1) and unquenched (G = 1) versions of QED3.
• Rainbow-Ladder approximation. This is the simplest approximation, which consists is setting G = 1 and Γ µ = γ µ . Although in this approximation WGTI is not exactly verified, in the Landau gauge it might be considered a not too unreliable truncation scheme, as long as this identity is concerned (see Ref. [17] ). Its simplicity has allowed to study the gauge dependence of the chiral condensate in a close vicinity of the Landau gauge, [14] , as well as in a relatively broader range of values of the gauge parameter, [15] .
• BC-vertex in quenched approximation. By construction, this vertex ansatz fulfills the WGTI. As compared to the rainbow-ladder approximation, solving the resulting SDE with this vertex is a more demanding exercise, and in literature there exists solutions only close to the Landau gauge, [14, 18] .
• Hybrid vertex in unquenched approximation. In this truncation scheme the SDE for the fermion propagator is coupled to the corresponding equation for the photon 0  333  121  13  0.026  ??  0  0  0.5  340  165  79  39  23  15  11  1  351  202  108  74  55  37  29  2  356  259  189  143  107  92  77 propagator with N f flavors of degenerate fermions :
This exercise has been carried out in [19] employing a hybrid choice of the 3-point interaction. For the fermion propagator, the well-tested Curtis-Pennington vertex (CP-vertex) [20] was used, whereas the BC-vertex was implemented in the SDE of the photon propagator to avoid unwanted divergences. Although this is a more ambitious truncation scheme in QED3, it reveals the essence of the problem (see Table 1 ): The gauge dependence of the chiral condensate is such that in one gauge there is no DCSB, but there is in another!
NUMERICAL FINDINGS
We now compare the gauge dependence of the chiral condensate coming from the solution to the SDE for the fermion propagator in various gauges and that coming from the LKFT of the solution to the SDE in the Landau gauge. In order to carry out the latter exercise, we start from the solution found in all the three cases mentioned above for the Landau gauge and then employ Eq. (3) to find the solution in other gauges. Results are summarized in Figs. 1, 2 , and 3. On can immediately see that the LKFT generated solutions are practically gauge invariant in contrast with the ones obtained by solving SDEs in various gauges. In the next section, we present a discussion of our findings.
DISCUSSION AND CONCLUSIONS
If we take the solution obtained in the Landau gauge and LKF transform it to other gauges we ensure that WGTI remains intact. Furthermore, the correct gauge covariance properties of the fermion propagator are ensured in passing from gauge to gauge, and all this can be seen from the virtually gauge independent value of the chiral condensate obtained in this form. Moreover, the simplicity of LKFT, Eq. (3), allows to carry out this exercise for arbitrarily large values of ξ , which cannot be achieved in practice solving the SDE gauge by gauge. Using the BC-vertex, still in unquenched QED3, ensures that in every gauge the WGTI is fulfilled. Nevertheless, neglecting the transverse part of the vertex leads to wrong gauge covariance properties of the fermion propagator, and this yields (a smaller) gauge dependence of the chiral condensate as compared with the rainbow-ladder approximation. The complexity of the resulting SDE in this truncation scheme makes it difficult to study the solutions for arbitrarily large values of ξ . However, in the light of the LKFT, the corresponding transformation to the solution in the Landau gauge forces it to transform gauge covariantly to other gauges, and this can be done for arbitrarily large values of the gauge parameter (Fig. 2) . Improved truncation schemes like the Hy- Note that for a direct comparison with the result of [19] , the condensate in this graph has been plotted in units of 10 −5 e 4 . Solving the SDE the condensate changes rapidly from 13 in the Landau gauge with ξ = 0 to over 200 by ξ = 2. In contrast the LKFT gives a value that is almost constant in comparison falling from a value of 13 in the Landau gauge to 9 when ξ = 70.
brid CP-BC vertex in unquenched studies, which is indeed a reliable truncation scheme, does not do any better. Again the LKFT come to rescue as shown in Fig. 3 . Looking at the entries of Table 1 , one can make a gauge independent statement concluding that with the BC-CP truncation scheme, the critical number of flavors would lie in the range 3 < (N f ) c < 5.
To conclude, the inclusion of the WGTI alone is not sufficient to ensure the gauge independence of the physical observable associated with the fermion propagator. It is essential to apply LKFT to the dynamically generated mass function as advocated in [13] . This is what we achieve in an exact numerical fashion. We study the gauge dependence of the chiral condensate for quenched as well as unquenched QED3. The truncations employed correspond to approximating the fermion-boson interaction by the bare vertex, the BC-vertex and a hybrid choice of the CP-BC vertex. Numerically, we obtain an almost gauge independent value of the condensate for a very broad range of values of the covariant gauge parameter for all the above-mentioned cases. One may wonder why we worry about the WGTI if the LKFT are apparently sufficient to obtain the objective. The WGTI is crucial in the hunt for a more reliable result in one gauge, here the Landau gauge. This is where the choice of the full vertex plays an important role and the closer we are to the true vertex, the better it is. Once we know the result in the Landau gauge, LKFT will guide us along the path of varying gauge. We hope to apply this method in more realistic theories such as QED and QCD in the future.
